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Perturbation solutionAbstract In the present article we have discussed the blood ﬂow analysis of Prandtl ﬂuid model in
tapered stenosed arteries. The governing equations for considered model are presented in cylindrical
coordinates. Perturbation solutions are constructed for the velocity, impedance resistance, wall
shear stress and shearing stress at the stenosis throat. Attention has been mainly focused to the
analysis of embedded parameters in converging, diverging and non-tapered situations. Streamlines
have been plotted at the end of the article for considered arteries. It is observed that due to increase
in Prandtl ﬂuid parameters, the stenosis shape and maximum height of the stenosis the velocity
proﬁle decreases.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Arteries which are basically considered as a living tissues need
a supply of metabolites including oxygen and removal of waste
products. Aroesty and Gross [1] have discussed the pulsatile
ﬂow of blood in small blood vessels. Blood ﬂow in artery
has some important aspects due to the engineering as well as
from the medical applications point of view. The hemody-
namic behavior of the blood ﬂow is inﬂuenced by the presence
of the arterial stenosis. If the stenosis is present in an artery,
normal blood ﬂow is disturbed. Thurston [2] and Chien et al.
[3] present the viscoelastic properties of blood. According to
them the arterial conﬁguration is closely connected with bloodﬂow. Blair and Spanner [4] discussed that blood as a Casson
ﬂuid is valid for moderate shear rate and validity of Casson’s
and Herschel–Bulkley for blood ﬂow is same. Chaturani and
Samy [5] reported the theory of Aroesty and Gross [1] and
study pulsatile ﬂow of blood in stenosed arteries modeling
blood as a Casson ﬂuid. Mandal [6] analyzed unsteady analysis
of non-Newtonian blood ﬂow through tapered arteries with a
stenosis. Unsteady ﬂow and mass transfer in models of stenotic
arteries considering ﬂuid–structure interaction discussed by
Valencia and Villanueva [7]. Pulsatile ﬂow of blood for a mod-
iﬁed second-grade ﬂuid model is presented by Massoudi and
Phuoc [8]. In another article Siddiqui et al. [9] discussed
Casson ﬂuid in arterial stenosis.
Blood ﬂow analysis for micropolar ﬂuid model for axisym-
metric but radially symmetric mild stenosis tapered artery is
presented by Mekheimer and Kot [10]. According to their
observation the magnitude of the resistance impedance is
higher for a micropolar ﬂuid than that for a Newtonian ﬂuid
model. In another article Mekheimer and Kot [11] presented
the same model with the inﬂuence of magnetic ﬁeld and Hall
currents on blood ﬂow through a stenotic artery and visualized
Fig. 1 Geometry of an axially nonsymmetrical stenosis in the
artery.
Nomenclature
V velocity vector
n stenosis shape
Q ﬂow rate
T temperature
u velocity component in r-direction
w velocity component in z-direction
P pressure
S Cauchy stress tensor
A;B material constant of Prandtl ﬂuid model
n tapering parameter
b length of stenosis
Greek symbols
a; b Prandtl ﬂuid parameter
l Kinmatic viscosity
d height of the stenosis
q Density of the ﬂuid
m Kinematic viscosity
/ tapered angle
1268 N.S. Akbarthat the wall shear stress and the shearing stress on the wall at
the maximum height of the stenosis possess an inverse charac-
teristic to the resistance to ﬂow with respect to any given value
of the Hartmann number and the Hall parameter. Varshney
et al. [12] coated the inﬂuence of magnetic ﬁeld on the blood
ﬂow in artery having multiple stenosis and made a numerical
study. Simulation of heat and chemical reactions on Reiner
Rivlin ﬂuid model for blood ﬂow through a tapered artery
with a stenosis was presented by Akbar and Nadeem [13].
Numerical simulation of generalized Newtonian blood ﬂow
past a couple of irregular arterial stenoses is investigated by
Mustafa et al. [14]. They presented that in comparison to the
corresponding Newtonian model the generalized Newtonian
ﬂuid experiences higher pressure drop, lower peakwall shear
stress and smaller separation region. Recently a mathematical
model for blood ﬂow through an elastic artery with multiste-
nosis under the effect of a magnetic ﬁeld in a porous medium
is presented by Mekheimer et al. [15]. Some important articles
describing the features of blood ﬂow are cited in the Refs. [16–34].
The objective of the present study was to discuss the blood
ﬂow analysis of Prandtl ﬂuid in tapered stenosed arteries. The
governing equations for considered model are presented in
cylindrical coordinates. This model is not discussed for blood
ﬂow problem so far. Perturbation solutions are constructed
for the velocity, impedance resistance, wall shear stress and
shearing stress at the stenosis throat. Attention has been
mainly focused to the analysis of embedded parameters in
converging, diverging and non-tapered situations. Streamlines
have been plotted at the end of the article.
2. Mathematical model
For an incompressible ﬂuid the balance of mass and momen-
tum are given by
div V ¼ 0; ð1Þ
q
dV
dt
¼ r Pþ div S; ð2Þ
The constitutive equation for Prandtl ﬂuid model is given
by Akbar et al. [19]
S ¼
A sin1 1
C
@u
@z
 2 þ @ w
@r
 2h i12 
@u
@z
 2 þ @ w
@r
 2h i12 @ w@r ; ð3Þ3. Mathematical development
We examine an incompressible ﬂow of Prandtl ﬂuid with con-
stant viscosity l and density q in a tube having length L. The
cylindrical coordinate system ðr; h; zÞ is chosen such that u and
w are the velocity components in the r and z directions
respectively. Here r ¼ 0 is selected the axis of the symmetry
of the tubes. The consideration of stenosis is represented as
Mekheimer and Kot [10] :
hðzÞ ¼ dðzÞ 1 g1 bn1ðz aÞ  ðz aÞn
  
; a 6 z 6 aþ b;
¼ dðzÞ; otherwise ð4Þ
with
dðzÞ ¼ d0 þ nz: ð5Þ
In above equations dðzÞ is the radius of the tapered arterial
segment in the stenotic region, d0 is the radius of the non-
tapered artery in the non-stenoic region, n is the tapering
parameter, b is the length of stenosis, ðnP 2Þ is a parameter
determining the shape of the constriction proﬁle and referred
to as the shape parameter the symmetric stenosis occurs for
n ¼ 2 and a indicates its location (see in Fig. 1).
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g ¼ d
n
n
n1
d0b
nðn 1Þ ; ð6Þ
in which maximum height of stenosis located at z ¼ aþ b
n
n
n1
is
in Mekheimer and Kot [10].
The equations governing the ﬂow are
@u
@r
þ u
r
þ @ w
@z
¼ 0; ð7Þ
q u
@
@r
þ w @
@z
 	
u ¼  @p
@r
þ 1
r
@
@r
rSrr
 þ @
@z
Srz
  Shh
r
; ð8Þ
q u
@
@r
þ w @
@z
 	
w ¼  @p
@z
þ 1
r
@
@r
rSrz
 þ @
@z
Szz
 
: ð9Þ
Deﬁning
r ¼ r
d0
; z ¼ z
b
; w ¼ w
u0
; u ¼ bu
u0d
; p ¼ d
2
0p
u0bl
; h ¼
h
d0
;
Re ¼ qbu0
l
; Srr ¼ b
Srr
u0l
; eSrz ¼ d0Srz
u0l
; Szz ¼ b
Szz
u0l
; Shh ¼ b
Shh
u0l
;
a ¼ A
lc
; b ¼ Au
2
0
6d20lc
3
: ð10Þ
Using Eqs. (1)–(3) and (10) along with the additional con-
ditions Mekheimer and Kot [10]:
ðiÞ Re d
n
1
n1ð Þ
b
 1; ð10aÞ
ðiiÞ d0n
1
n1ð Þ
b
 Oð1Þ; ð10bÞ
and for mild stenosis d

d0
 1

 
Eqs. (8) and (9) take the form
@P
@r
¼ 0; ð11Þ
@P
@z
¼ 1
r
@
@r
r a
@w
@r
 	
þ b @w
@r
 	3 !" #
: ð12Þ
The boundary conditions are now given by
@w
@r
¼ 0; at r ¼ 0; ð12aÞ
w ¼ 0; at r ¼ hðzÞ; ð12bÞTable 1 Comparison of numerial solution with perturbation soluti
b ¼ 0:1 Numerical solution
r CT DT NT
1:1 0:0000 0:0000 0:00
0:8 0:0385 0:0495 0:01
0:5 0:0539 0:0895 0:02
0:3 0:0950 0:1059 0:02
0 0:1039 0:1149 0:02
0:3 0:09167 0:1026 0:02
0:5 0:04641 0:0895 0:02
0:8 0:03853 0:0495 0:01
1:1 0:0000 0:0000 0:00hðzÞ ¼ ð1þ nzÞ 1 g1 z r1ð Þ  z r1ð Þnð Þ½ ; r1 6 z6 r1 þ 1;
ð13Þ
and
g1 ¼
dn
n
n1
ðn 1Þ ; d ¼
d
d0
; r1 ¼ a
b
; n0 ¼ nb
d0
; n ¼ tan/; ð13aÞ
in which / is represents the tapered angle. Further, we
consider three types of arteries (i) converging tapering or
ð/ < 0Þ, non-tapered artery (/= 0) and the diverging tapering
ð/ > 0Þ.4. Solution of the problem
4.1. Perturbation solution
Eq. (11) is a non-linear equation, therefore we seek the pertur-
bation solution. For perturbation solution, we expand w;F1
and P by taking b as perturbation parameter
w ¼ w0 þ bw1 þOðb2Þ; ð14Þ
P ¼ P0 þ bP1 þOðb2Þ; ð15Þ
F1 ¼ F10 þ bF11 þOðb2Þ: ð16Þ
The perturbation results for small parameter b, satisfying
the conditions (12a) and (12b) , the expression for velocity ﬁeld
and pressure gradient are directly written as
w ¼ r
2  h2
4a
 	
dP
dz
þ b 16ð2F1Þ
3
r4  h4 
ah12
 !
; ð17Þ
dP
dz
¼ 8að2F1 þ h
2Þ
h4
þ b  256ð2F1 þ h
2Þ3
3h10
 !
: ð18Þ
The pressure drop ðDp ¼ p at z ¼ 0 and Dp ¼ p at z ¼ LÞ
across the stenosis between the section z ¼ 0 and z ¼ L can be
obtained using the expression given below
Dp ¼
Z L
0
 dp
dz
 	
dz: ð19Þon for b ¼ 0:1.
Perturbation solution
CT DT NT
00 0:0000 0:0000 0:0000
13 0:05387 0:0697 0:0184
15 0:10965 0:1259 0:0352
57 0:13247 0:1489 0:0420
81 0:14492 0:1614 0:0457
49 0:12783 0:1442 0:0406
15 0:10965 0:1259 0:0352
12 0:05387 0:0697 0:0184
00 0:0000 0:0000 0:0000
Table 2 Comparison of numerial solution with perturbation solution for b ¼ 0:5.
b ¼ 0:5 Numerical Solution Perturbation Solution
r CT DT NT CT DT NT
1:1 0:0000 0:0000 0:0000 0:0000 0:0000 0:0000
0:8 0:0485 0:0595 0:0212 0:04387 0:0597 0:0084
0:5 0:0639 0:0995 0:0315 0:10765 0:1159 0:0252
0:3 0:1050 0:1159 0:0357 0:11247 0:1389 0:0320
0 0:1139 0:1249 0:0381 0:12492 0:1514 0:0357
0:3 0:1016 0:1126 0:0349 0:11783 0:1342 0:0306
0:5 0:05641 0:0995 0:0315 0:10765 0:1159 0:0252
0:8 0:04853 0:0595 0:0212 0:04187 0:0597 0:0084
1:1 0:0000 0:0000 0:0000 0:0000 0:0000 0:0000
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The resistance impedance is given by
~k ¼ Dp
Q
¼
Z a
0
FðzÞjh¼1 dzþ
Z aþb
a
FðzÞdzþ
Z L
aþb
FðzÞjh¼1 dz
 
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Fig. 2 Velocity proﬁle for (a) F ¼ 2; d ¼ 0:5;b ¼ 0:1; b ¼ 0:6;r ¼ 0
0:5; a ¼ 2. (c) F ¼ 2; a ¼ 1:5;b ¼ 0:1; b ¼ 0:6;r ¼ 0:5; z ¼ 0:5; n ¼ 2. (din which
FðzÞ ¼ 16a
h4
þ 2048bF
2
1
3h10
:
On simpliﬁcation, Eq. (20) yields
~k ¼ ðL bÞ 16aþ 2048bF
2
1
3
 	
þ
Z aþb
a
FðzÞdz
 
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Fig. 3 Wall Shear Stress for (a) F ¼ 2; d ¼ 0:5; b ¼ 0:1; b ¼ 0:6;r ¼ 0:5; n ¼ 2. (b) F ¼ 2; d ¼ 0:5; a ¼ 0:1; b ¼ 0:6; r ¼ 0:5; z ¼ 0:5;
n ¼ 2. (c) F ¼ 2; a ¼ 1:5;b ¼ 0:1; b ¼ 0:6;r ¼ 0:5; z ¼ 0:5; n ¼ 2. (d) F ¼ 2; d ¼ 0:5; a ¼ 1:5; b ¼ 0:6; r ¼ 0:5; z ¼ 0:5;b ¼ 0:2.
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The expression for dimensionless shear stress is
eSrz ¼ a @w
@r
 	
þ b @w
@r
 	3" #
: ð22Þ
The wall shear stress is of the form
eSrz ¼ a @w
@r
 	
þ b @w
@r
 	3" #
r¼h
: ð23Þ
The shearing stress at the stenosis throat i. e the wall shear
at the maximum height of the stenosis located at z ¼ a
b
þ 1
n
n
n1
can be expressed as
~ss ¼ eSrz
h¼1d
: ð24Þ
The ﬁnal expressions for the dimensionless resistance to k,
wall shear stress Srz and the shearing stress at the throat ss are
k ¼
k
k0
¼ 1
3
1 b
L
 	
16aþ 2048bF
2
1
3
 	
þ 1
L
Z aþb
a
RðzÞdz
 
; ð25Þsrz ¼
eSrz
s0
; ss ¼ ~sss0 ; ð26Þ
with
k0 ¼ 3L; s0 ¼ 4Q: ð27Þ5. Numerical solution
To see the validity of perturbation results, I have also solved
Eq. (12) numerically using shooting technique and results are
presented through tables and graphs see Table 1 and
Fig. 8(a) and (b). The results are in good agreement for
Converging tapering (CT), diverging tapering (DT) and
non-tapered arteries (NT) (see Table 2).6. Graphical discussion
Our interest in this section is to analyze the effects of the
Prandtl ﬂuid parameter a; b, the stenosis shape n and
maximum height of the stenosis d for converging tapering,
diverging and non-tapered arteries in JeffreyPrandtl ﬂuid.
For that purpose we have plots Figs. 2–7. The variation of
axial velocity for a; n; b and d in converging, diverging and
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Fig. 4 Impedance resistance for (a) F ¼ 2; d ¼ 0:5; a ¼ 0:1; b ¼ 0:6;r ¼ 0:5; z ¼ 0:5; n ¼ 2. (b) F ¼ 2; d ¼ 0:5;b ¼ 0:1; b ¼ 0:6;r ¼ 0:5;
z ¼ 0:5; a ¼ 2. (c) F ¼ 2;b ¼ 0:5;b ¼ 0:1; b ¼ 0:6;r ¼ 0:5; z ¼ 0:5; n ¼ 2.
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Fig. 5 Streamlines for (a,b) a ¼ 1:5; 2 other parameters are F ¼ 2; d ¼ 0:5; b ¼ 0:1; b ¼ 0:6;r ¼ 0:5; z ¼ 0:5; n ¼ 2.
1272 N.S. Akbarnon-tapered arteries are displayed in the Fig. 2(a)–(d). We
observed that due to increase in a; n; b and d the velocity proﬁle
decreases. It is also seen that for the case of converging taper-
ing the velocity gives larger values as compared to the case of
diverging tapering and non-tapered arteries. Fig. 3(a)–(d) show
how the converging , diverging and non-tapered arteries inﬂu-
ence on the wall shear stress Srz. Interestingly with an increase
in a the shear stress increases and decreases with an increase in
b; d and n. It is also seen that the stress yield diverging taperingwith tapered angle / > 0, converging tapering with tapered
angle / < 0 and non-tapered artery with tapered angle
/ ¼ 0. In the Fig. 4(a)–(c) it has been noticed that the imped-
ance resistance increases for converging , diverging and non-
tapered arteries when we increase a; b and n. We also observed
that resistive impedance in a diverging tapering appear to be
smaller than in converging tapering because the ﬂow rate is
higher in the former case when compared with the later.
Impedance resistance attains its maximum values in the sym-
0.2 0.4 0.6 0.8 1 1.2 1.4
-1.5
-1
-0.5
0
0.5
1
1.5 (c)
0.2 0.4 0.6 0.8 1 1.2 1.4 1.61.6
-1.5
-1
-0.5
0
0.5
1
1.5 (d)
Fig. 6 Streamlines for (c,d) b ¼ 0:4; 0:8 other parameters are F ¼ 2; d ¼ 0:5; a ¼ 1:5; b ¼ 0:6; r ¼ 0:5; z ¼ 0:5; n ¼ 2.
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
-1.5
-1
-0.5
0
0.5
1
1.5 (e)
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
-1.5
-1
-0.5
0
0.5
1
1.5 (f)
Fig. 7 Streamlines for (e, f) n ¼ 2; 4 other parameters are F ¼ 2; d ¼ 0:5;b ¼ 0:1; b ¼ 0:6;r ¼ 0:5; z ¼ 0:5; a ¼ 2.
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Fig. 8 Comparison of numerial solution with perturbation solution for b ¼ 0:5.
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different values of n; a and b. Streamlines for different values
of the Prandtl ﬂuid parameter is shown in Fig. 5. Here it is
noticed that the size of the trapping bolus increases while the
number of bolus decreases, when we increase the Prandtl ﬂuid
parameter a. Fig. 6 is plotted to see the streamlines for differ-ent values of Prandtl ﬂuid parameter b. Here the size of the
trapping bolus decreases with an increase in Prandtl ﬂuid
parameter b. Streamlines for different values of stenosis shape
n is presented through Fig. 7. It is seen that the size of the trap-
ping bolus increases while the number of bolus decreases, when
we increase the stenosis shape n.
1274 N.S. Akbar7. Conclusions
Blood ﬂow analysis of Prandtl ﬂuid model in tapered stenosed
arteries is discussed. Analytical solution have been evaluated
using regular perturbation technique. The main points of the
performed analysis are as follows:
1. We observed that due to increase in Prandtl ﬂuid param-
eter a; b, the stenosis shape n and maximum height of the
stenosis d the velocity proﬁle decreases.
2. It is also seen that for the case of converging tapering the
velocity gives larger values as compared to the case of
diverging tapering and non-tapered arteries.
3. Interestingly with an increase in a the shear stress
increases and decreases with an increase in b; d and n.
4. It is also seen that the stress yield diverging tapering with
tapered angle / > 0, converging tapering with tapered
angle / < 0 and non-tapered artery with tapered angle
/ ¼ 0.
5. It has been noticed that the impedance resistance
increases for converging , diverging and non-tapered
arteries when we increase a; b and n.
6. We also observed that resistive impedance in a diverging
tapering appear to be smaller than in converging taper-
ing because the ﬂow rate is higher in the former case
when compared with the later.
7. Impedance resistance attains its maximum values in the
symmetric stenosis case ðn ¼ 2Þ.
8. The size of the trapping bolus increases while the num-
ber of bolus decreases, when we increase the Prandtl
ﬂuid parameter a.
9. It is seen that the size of the trapping bolus increases
while the number of bolus decreases, when we increase
the stenosis shape n.
10. The size of the trapping bolus decreases with an increase
in Prandtl ﬂuid parameter b.
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